Radiative Corrections in GSDKP by Bufalo, R. et al.
Radiative Corrections in GSDKP
R. Bufalo1∗, T.R. Cardoso1†, A.A. Nogueira2‡, B.M. Pimentel3§
1Departamento de Fı´sica, Universidade Federal de Lavras,
Caixa Postal 3037, 37200-000 Lavras, MG, Brazil
2Universidade Federal do ABC (UFABC), Centro de Cieˆncias Naturais e Humanas (CCNH)
Av. dos Estados 5001, Bairro Santa Terezinha CEP 09210-580, Santo Andre´, SP, Brazil
3Universidade Estadual Paulista (UNESP), Instituto de Fı´sica Teo´rica (IFT)
Rua Dr. Bento Teobaldo Ferraz 271, Bloco II Barra Funda, CEP 01140-070 Sa˜o Paulo, SP, Brazil
September 10, 2018
Abstract
We show explicit the first radiative correction for the vertex and photon-photon 4-point func-
tion in Generalized Scalar Duffin-Kemmer-Petiau Quantum Electrodynamcis (GSDKP), utilizing
the dimensional regularization method, where the gauge symmetry is manifest. As we shall see
one of the consequences of the study is that the DKP algebra ensures the functioning of the Ward-
Takahashi-Fradkin (WTF) identities in the first radiative corrections prohibiting certain ultraviolet
(UV) divergences. This result leads us to ask whether this connection between DKP algebra, UV
divergences, and quantum gauge symmetry (WTF) is a general statment.
1 Transition amplitude
As we know to study quantum processes we
need to write the transition amplitude or, recipro-
cally, the generating functional (with sources). To
construct the transition amplitude we will use the
Faddeev-Senjanovic proceeding where we must
first do a short study of constraint analysis. The
Lagrangian density describing the GSDKP is de-
fined by [1]
L =
i
2
ψ¯β µ
(
∂µψ
)− i
2
(
∂µ ψ¯β µ
)
ψ−mψ¯ψ+
+eAµ ψ¯β µψ− 14FµνF
µν +
a2
2
∂ µFµβ∂αFαβ ,
(1.1)
where Fµν = ∂µAν − ∂νAµ is the usual electro-
magnetic field-strength tensor and β µ are the
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DKP matrices that obey the trilinear algebra
β µβ νβ θ +β θβ νβ µ = β µηνθ +β θηνµ .
The transition amplitude can be written in a
covariant form in the non-mixing gauge condi-
tion [2]
Z = N
∫
DAµDψ¯Dψ×
exp{i
∫
d4x[ψ¯
(
iβ µ∇µ −m
)
ψ+
−1
4
FµνFµν +
a2
2
∂ µFµβ∂αFαβ+
− 1
2ξ
(
∂ µAµ
)(
1+a2
)(
∂ µAµ
)
]},
(1.2)
where ∇µ = ∂µ− ieAµ . It follows from the above
result the infinite chain of equations (Schwinger-
Dyson-Fradkin equations) that describes com-
pletely our theory (without approximations, due
to perturbation theory) and the quantum gauge
symmetry of this complet equations manifested in
terms of Ward-Takahashi-Fradkin identities [3].
2 Quantum gauge symmetry
Now let us find some identities, arising from
gauge symmetry, to analyse before some quan-
tum process of interest . The derivation of (WTF)
identities is formally given in terms of the follow-
ing identity upon the functional generator
δZ
[
η , η¯ ,Jµ
]
δα(x)
∣∣∣∣∣
α=0
= 0 (2.1)
wherein the infinitesimal gauge transformations
are given by Ψ→Ψ+ iα(x)Ψ, Ψ¯→ Ψ¯− iα(x)Ψ¯
and Aµ→Aµ+ 1e∂µα(x). Then the expression for
the 1PI-generating functional Γ
[
ψ, ψ¯,Aµ
]
is
−i 
eξ
(
1+a2
)
∂ µAµ − ψ¯ δΓδψ¯ +
δΓ
δψ
ψ+
+
1
e
∂ µ
δΓ
δAµ
= 0. (2.2)
This is the equation that will supply all the WFT
identities.
The first identity we want to point out (in mo-
mentum representation) is
Λµ (p, p,k = 0) =− ∂
∂ pµ
Σ−1 (p) . (2.3)
where we find out that the vertex is related to the
DKP self-energy. The second identity we want to
point out (in momentum representation) is
pµΓµναβ (p, p′,k,k′) = 0. (2.4)
This identity applies to the study of photon-
photon scattering.
As we will see, (WTF) identities will play an
important role in building and studying the ampli-
tudes that describe the physical processes.
3 Radiative corrections
Before starting the study on the quantum ra-
diative corrections [4] it is interesting to gain intu-
ition by doing a quantitative analysis of the types
of ultraviolet divergences that could appear in
(GSDKP). We will conclude, after a brief power
count, that the degree of a divergence in a dia-
gram would be D=˙4−n− 12nm, which n=(number
of vertex) and nm=(number of external mesons
lines). With the previous equation, we can clas-
sify the types of divergences that have appeared
in theory. When D<0, we say that the diagram
is superficially convergent. For the first radiative
correction to the vertex we have D = 0 (logarith-
mic divergence) and for the photon-photon pro-
cess we have D = 0 too.
2
3.1 Vertex
Now we are going to calculate the first radia-
tive correction associated with the vertex func-
tion.
The vertex part at the lowest order correction
is
Λµ
(
p′, p
)
= e2µ4−d
∫ ddk
(2pi)d
×
βσS
(
p′− k)β µS (p− k)β νDσν (k) ,
(3.1)
substituting the expressions for their respective
propagators
Λµ
(
p′, p
)
=
−ie2µ4−dm2p
m2
∫ ddk
(2pi)d
×
βσ [(pˆ′− kˆ)(pˆ′− kˆ+m)− (p′− k)2−m2]
[(p′− k)2−m2][(p− k)2−m2]k2 (k2−m2p)×
β µ [(pˆ− kˆ)(pˆ− kˆ+m)− (p− k)2−m2]βσ .
(3.2)
This expression may be simplified by making use
of the Feynman parametrization, and then be cast
into a suitable form
Λµ(p′, p) =
e2m2p
(4pi)2m2
∫ 1
0
dx
∫ 1−x
0
dy×
∫ 1−x−y
0
dz[
Aµ
b4
− η
ανBµαν
2b2
− Γ(
ε
2)
4
[
4piµ2
b2
] ε
2
×(
ηανηλθ +ηνθηαλ +ηθαηλν
)
Cµανλθ ].
(3.3)
The term Cµανλθ presents a logarithmic diver-
gence. However, by means of using the DKP
algebra, one can show that this term actually
vanishing because of the identity (ηανηλθ +
ηνθηαλ +ηθαηλν)Cµανλθ = 0. Showing there-
fore that there are no divergences on the vertex
part. This result confirms the information con-
tained in one of the (WTF) identity eq. (2.3) as-
suring that the divergence of Σ in the term propor-
tional to the mass mp does not spoil the (WTF)
identity.
3.2 Photon-photon
Finally, let us study the light-light scattering.
In view of Feynman rules we write the ampli-
tude associated with this scattering as follows
Γµνλθ (p′, p; p′, p) = e4µ4−d
∫ ddk
(2pi)d
×
tr{β µS(p′+ k)β νS(k)βλS(p− k)β θS(k)}.
(3.4)
Thus with the help of Feynman parameters we are
led to write explicitly only the term with a possi-
ble (UV) divergence
ΓµνλθUV (p
′, p; p′, p) =
ie4
(4pi)2m4
tr{Dµνλθασγδpiϖρτ}×
(ηασηγδηpiϖηρτ + perm)×
∫ 1
0
dx
∫ 1−x
0
dy(1− x− y)bΓ(−1+
ε
2)
8[ b
2
4piµ2 ]
ε
2
,
3
Γ(−1+ ε2)
[ b
2
4piµ2 ]
ε
2
= [
2
ε
− γ][1− ε
2
ln(
b2
4piµ2
)]. (3.5)
In this case the structure representing the
light-light scattering must not have (UV) diver-
gences because otherwise it would break the
gauge symmetry, seen in eq. (2.4). Consequently,
as in the first radiative correction of vertex, it is
possible to show that DKP algebra prohibits (UV)
divergence tr{Dµνλθασγδpiϖρτ}(ηασηγδηpiϖηρτ +
perm) = 0.
4 Conclusions
In this work we show the connection between
the DKP algebra, (WTF) identities and the UV
divergences for the first radiative correction to the
vertex and the photon-photon amplitude. Some-
times, the symmetries of the theory can decrease
the (UV) divergence degree of an amplitude. We
conclude that gauge symmetry prohibits ultravio-
let divergence for the Feynman amplitudes stud-
ied but who assures the previous statement is the
DKP algebra. This raises the question of what is
role of this algebra in the study of the quantum
interaction between the DKP fields (mesons) and
Podolsky fields (generalized photons). The next
step would be formulate the renormalization pro-
gram and it is possible to study GSDKP at ther-
modynamical equilibrium with the Matsubara-
Fradkin formalism [5, 6].
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